We investigate the effect of the pasta phases formation on the quark-hadron phase transition for a set of relativistic mean-field equations of state for both hadron and quark matter. The results are compared with a mimicking construction, which was used in a recent study of the robustness of the third family solution instead of the full numerical solution with pasta phases. We demonstrate, that the construction allows for describing the numerical results well and obtain a one-to-one map of the parameter of the construction to the physical surface tension. For each pair of the models we determined the critical value of the surface tension, above which the phase transition becomes close to the Maxwell construction. It agrees qualitatively with earlier theoretical estimates.
I. INTRODUCTION
The recent discovery of pulsars with precisely measured masses close to 2 M such as PSR J0348+432 [1] provided a new observational constraint on the equation of state (EoS) of cold dense matter under compact star (CS) conditions of β−equilibrium and global charge neutrality. It allowed to exclude many models of CS matter for which the EoS is too soft to describe pulsars with a mass as high as 2 M . A new quality in the quest for the high-density EoS will be achieved when the NICER experiment [2] on board of the International Space Station will provide an accurate radius measurement with a 0.5 km uncertainty scale of the nearest millisecond pulsar PSR J0437-4715 with a known mass of 1.44 ± 0.07 M [3] .
In this context it is interesting to study various possible phase transitions in the strongly interacting CS medium. One of them is the transition from the hadronic to the deconfined quark matter phase. Its possible description and effects on the CS mass-radius diagram were studied by many authors, see [5] and references therein. One of the potentially observable phenomena is the existence of a third CS branch in the CS mass-radius diagram, disconnected from that of neutron stars (NSs). Such a third family branch can form if there is a strong firstorder phase transition [6] , e.g., from hadrons to quarks with a sufficiently large jump in the energy density taking place inside the CS [7] . A robust observation of pulsars with similar masses and substantially different radii (CS twin configurations) would reveal the existence of the first-order phase transition at zero temperature and thus prove the existence of the QCD critical endpoint [8] .
One of the features of the first order hadron-quark phase transition is the appearance of the finite-size structures. They can appear in the CS matter due to existence of two separately conserved charges -baryon number and electric charge, which have to be equal in both phases to satisfy the Gibbs conditions for the phase equilibrium. The electric charge has to be globally equal to zero for gravitationally self-bound objects like NSs. Ref. [9] suggested the presence of a wide region of mixed phase at any first order phase transition in multi-component systems of charged particles, cf. further discussion of this subject in [10] . If the global electric neutrality and the existence of the surface tension between hadron and quark matter are taken into account, then the ground state of the mixed phase consists of the finite-size droplets of one phase inside another of various geometries and sizes. As has been demonstrated in [11] , for the appearance of the structured mixed hadron-quark phase the Coulomb plus surface energy per droplet of the new phase should have a minimum, as a function of the droplet size. Charge screening effects were disregarded. However, as was shown in [12, 13] , taking into account of the charge rearrangement due to the charge screening in arXiv:1812.11889v1 [nucl-th] 31 Dec 2018 the pasta phases, has a large effect on the mixed hadronquark phase. In particular, for a given pair of hadron and quark EoS there exists such a critical value of the surface tension parameter σ c , governed by the charge screening effects, that for any σ > σ c the resulting mixed phase will be given by the Maxwell construction (MC) case. Ref. [14] argued for importance of taking into account finite size effects at hadron-quark transition in heavy hybrid stars, with mass as high as M > ∼ 2M . The presence of the mixed phase in the phase transition region results in blurring of the energy jump, which is required for existence of the third family. Also it leads to a deviation increase of the pressure P (µ) from the constant value P c on the MC, which can be characterized by a relative pressure excess ∆ P = ∆P (µ = µ c )/P c , where µ c is the chemical potential, corresponding to the MC. In order to estimate the impact of the mixed phase existence on the high-mass twin (HMT) phenomenon, in [15] a phenomenological approach was used to mimic the deviation of the pressure from the MC due to the structure formation. It was found that the existence of HMTs is spoiled, if the pasta phase gives leads to ∆ P > 0.05.
The purpose of this work is to investigate the correspondence between the phenomenological construction used before and the properties of an actual pasta calculation. In order to do this, we compute numerically the EoS of the hybrid star matter with pasta structures included for a set of surface tension values σ and then find a correspondence between σ and ∆ P . As an input we use recently developed relativistic mean-field (RMF) EoSs for hadron [16] and quark matter [17] , labeled as KVORcut and SFM, respectively. Each of them contains a free parameter, allowing to change their stiffness and thus control the features of the mass-radius (MR) diagram. We choose 2 hadronic and 2 quark parameterizations, such as all the pairs of hybrid EoSs contain the twin NS configurations and simultaneously pass the 2 M constraint for the maximum CS mass. After obtaining the ∆ P (σ) for all the combinations of the models, we compare it with the analytical expression, investigate its model dependence and the maximum possible impact on the CS properties.
II. HYBRID EQUATION OF STATE WITH PASTA PHASES
In this section, we outline the description of a quarkhadron hybrid EoS with structures in the mixed phase (so-called "pasta phases") following Ref. [14] and describe the recently proposed effective mixed phase construction [15, 24] with the parameter ∆ P (σ) that may in turn be related to the value of the surface tension σ. The input to the pasta phase calculations is the energy per particle in the hadron (H) and quark (Q) matter phases, respectively. Both these functions are parameterized as
where E (H,Q) sym and E (H,Q) asym are the energies per particle in symmetric matter and the asymmetry energy, respectively, in the hadron (H) and quark (Q) matter phases, and the asymmetry parameters for hadron and quark matter are defined as
As the microscopical input to the pasta phases code, we provide polynomial fit formulas for these EoS.
A. Hadronic phase
The description of the hadronic matter phase is based on a RMF model with hadron masses and couplings dependent on the scalar field σ developed in [16, 18] . Within this approach all the hadron effective masses decrease in the medium with the same rate as functions of the mean σ field, in accordance with the idea of the partial chiral symmetry restoration. Phenomenological scaling functions enter the EoS only in combinations
where the subscript M = σ, ω, ρ, φ labels the meson fields included into the model. In this framework the KVORcut family of the models was constructed, which allows for a high maximum CS mass and simultaneously fulfills a majority of other constraints. We focus here on the KVORcut02 and KVORcut03 models, in which the additional stiffness is introduced as outlined in [19] to allow for the description of pulsars with a mass of ∼ 2 M [1] even when hyperons and ∆-resonances are present in the EoS. The KVORcut02 model is the stiffest one, while the softer KVORcut03 model passes constraints for the pressure as a function of the baryon density following from analyses of flows in heavy-ion collisions [20, 21] . The hadronic EoS can be parametrized with
where u = n B /n 0 is the nuclear compression with n 0 = 0.16 fm −3 being the nuclear saturation density. The coefficients a i , b i are the fit parameters given in Table I .
B. Quark matter phase
For description of the quark phase we use the recently developed RMF density functional [17] , inspired by the string-flip model [22, 23] . This approach gives a simple way to model the confinement of quarks via introducing divergent quark masses for low baryon densities and the density-dependent screening effect. The effective screening is described analogously to the excluded volume effect in models of hadronic matter with density-dependent couplings.
Together with these features, the model incorporates a repulsive vector interaction with a higher-order density dependence. It gives a relatively soft EoS near the phase transition point, which becomes much stiffer as the density increases. This stiffness allows for description of the 2M CS mass constraint for hybrid stars. However, the soft behavior near the phase transition (PT) leads to the possibility of HMT CS configurations, which appear for a large enough density jump for the appearance of a separate branch of hybrid stars dubbed as a "third family" of CSs. Further details on these models can be found in [17] .
This EoS can be parametrized using
where α a,s , β a,s , γ a,s and δ are the fit parameters given in Table II .
C. Pasta phase calculation
In order to study the finite-size structures, we require the Gibbs conditions
to be fulfilled within the mixed phase region. In the Wigner-Seitz (WS) approximation the space is considered as tesselated by cells of a given geometry depending on the dimensionality d: spheres for d = 3, cylinders for d = 2, and slabs for d = 1 with a volume V W . Within each of the cells the quark phase of the volume V Q is embedded into the surrounding hadron phase of the volume V H or vise versa. If the hadron phase is dominant the structures are dubbed "droplets" and "rods" for d = 3 and d = 2, respectively, and "bubbles" or "tubes", otherwise. The boundary layer is assumed to be smaller than any of the characteristic lengths of the problem, and thus the surface effects are captured by introducing the surface tension parameter σ. The value of σ is highly model-dependent and uncertain. In this work we vary σ in a wide range with a small step, which allows us to determine numerically the critical surface tension σ c for all pairs of hadron and quark model under consideration.
In the Thomas-Fermi approximation the Helmholtz free energy of a cell reads:
where h = n, p and q = u, d, E (H) = n B (E (H) + m N ) and E (Q) = n B E (Q) are the free energy densities of hadron and quark matter, respectively, and e , C , S stand for the contribution to the energy per cell from free electron gas, Coulomb effects and the surface term, respectively. The nucleon mass is m N = 938 MeV. For simplicity, in the current work we neglect the contribution of the muons. The Coulomb contribution to the energy per cell is given by where the charge density is
Accordingly, the screened Coulomb potential φ(r) is defined as
where φ 0 is an arbitrary constant representing the gauge degree of freedom. It is fixed by the condition φ(R W S ) = 0, see Ref. [14] . The selfconsistent field fulfills the Poisson equation ∆φ(r) = 4πe 2 n ch (r) .
The equations are solved for a given baryon density
together with the charge neutrality condition
D. Fit formula for the phase transition
In [15] a simple modification of the MC was employed to mimic the effect of the pasta structures on the quarkhadron phase transition. If the EoSs of quark and hadron matter are given in terms of the pressure as a function of the chemical potential P (H) (µ) and P (Q) (µ), respectively, the pressure with this construction is given by
, µ c is the intersection point corresponding to the MC. From this expression the baryon density can be calculated as n B (µ) = dP/dµ. The four parameters a, b, µ cH , µ cB can be determined from the conditions of continuity of pressure and baryon number density n B (µ) at both µ = µ cH and µ = µ cQ , so there is only one free parameter ∆P left.
III. NUMERICAL RESULTS
In this section we show the results of the fits for every combination of the models. Below we use the "H -Q" notation for the pairs of the hadronic and quark models, where H = H1, H2 corresponds to KVORcut[02, 03] models, respectively, and Q = Q1, Q2 denotes the SFM model with α = 0.2, 0.3, respectively.
For each pair of the models Fig. 1 demonstrates two limiting cases of the MC and the Gibbs conditions (GC) with σ = 0 and no electrostatic contribution. For a given quark EoS the transition density and pressure is lower for a stiffer hadronic EoS H1, and for a given hadronic EoS the transition happens earlier for the softest quark EoS Q2. Thus the onset of the phase transition proves to be the lowest for the H1-Q2 case, because in this case the hadronic EoS is the stiffest one and the quark EoS is the softest in the low density region. After taking into account of the continuity of the electron chemical potential the pressure becomes non-constant within the mixed phase region. It can be seen from Fig. 1 that the pressure difference on the GC increases with an increase of the P c of the MC. This broadening is to be compared with the critical PT broadening from [15] in order to understand whether the third branch phenomenon can be in principle eliminated by the pasta phases formation.
A. Comparison with phenomenological description
Possible applications of the construction (II D) require to know the limits on the realistic values of the parameters. The parameter ∆P is greater than zero by definition and limited from above, with the maximum possible ∆P corresponding to the zero surface tension. The exact correspondence of ∆P to the surface tension σ is presented in this section.
We performed the least-squares fit of the P (n B ) derived from Eq. (II D) to describe the numerical data, us- ing ∆P as a variational parameter. Fig. 3 shows examples of the fitting results for the H2-Q1 combination of models for the surface tension values σ = [0, 40, 80] MeV/fm 2 . Dots show the numerical results for the pasta structures, solid lines denote the initial hadron and quark EoSs and the best fit by formula Eq. II D is shown by the dashed line. We see that the phenomenological construction we employed in previous works can adequately describe the exact numerical result. The quality of the fit can be characterized by the root-mean-square deviation, defined as
where P i and n (i) B are the calculated numeric data points, P fit (n B ) is given by Eq. (II D), and N is the number of the data points in the range of densities, where the pasta structures exist. For the cases shown in the upper panel of Fig. 3 the r.m.s. deviation χ equals to 3.5%, 1.0%, 1.6% for σ = [0, 40, 80] MeV/fm 2 , respectively. With such a precision the use of the interpolating construction, given by Eq. (II D), for mimicking the pasta phase effects on the EoS is justified.
Similar fits were performed for a set of surface tension values in the range (0 − 80) MeV/fm 2 . In Fig. 4 we demonstrate thus obtained curves ∆ P (σ) for all the com- bination of the models by solid lines. It is clearly seen that if the surface tension exceeds some critical value σ c , the effect of the finite-size structures becomes negligible. However, the pressure excess ∆ P does not become exactly zero, since in the MC case the WS cell size would become infinite, but the numeric code has a large but finite limiting cell size. Thus the code we used is applicable only for σ < σ c . Nevertheless, the resulting pressure in the σ > σ c is very close to the MC line, and is best-fitted by a very low ∆ P .
B. Model dependence of the critical surface tension
Because of non-exact reproducing of the MC line in the case of large surface tension σ, we need to perform an additional step to define the critical surface tension σ c in a reproducible manner. For this we used a fit of the ∆ P (σ) curve with the following ansatz
where ∆ (0) P , α, β and σ c are the parameters of the fit, and θ(x) is the step function. The parameter values thus determined are summarized in Table III . The solid lines in the upper panel of Fig. 4 show the best fit curves given by Eq. (15) .
The dimensionless function S(x) shown in the lower panel of Fig. 4 is only weakly model dependent. By the solid line with dots we show the function S(x; α, β), where α = 1.037 , β = 0.692 (16) are the mean values of the parameters. The confidence region of S(x) according to their standard deviations ∆α = 0.121 and ∆β = 0.098 is shown by the shaded area. The same shaded area is plotted as a function of the dimensionful σ in the upper panel for the H1-Q1 model as an example, with the best-fit ∆ (0) P . In order to describe the model dependence of the critical surface tension σ c we choose the pressure on the MC line P c as the parameter characterizing a pair of models. We show the dependence of σ c on P c in Fig. 5 by solid symbols. It is clear that within the current set of models the critical surface tension monotonously grows with an increase of the pressure P c . It is interesting to compare this dependence with the expression for σ c obtained in [13] e,bulk . When the quark matter fraction is small, the size of the hadron phase is much larger than the screening length. Thus we can consider it to be electrically neutral with µ e = µ (H) e,bulk . The electron contribution to the quark matter charge can be neglected [13] . Hence all the values are to be evaluated at µ B = µ 
where e 2 = 1/137 and n (H,Q) ch (µ B , µ e ) is the charge density of the phase H or Q. They can be expressed through Landau parameters of beta-equilibrium matter, though in this work we calculated the derivatives numerically. The expression for the critical surface tension is (see Eq. (77) of Ref. [13] )
where the parameters of the electric field contribution are U II 0 −µ (H) e,bulk and
Thus obtained values of the parameters and σ c are summarized in the Table III. In the Fig. 5 the values of σ c are plotted against the pressure on the MC line P c by the empty symbols. We see that thus evaluated theoretical values are consistent with the numerical result. Thus we confirm that the numerical calculation correctly captures the essential physics of the pasta phase formation and prove the usability of the linearized Poisson equation for the description of the electric field.
IV. CONCLUSION
In this work we investigated the modification of quarkhadron hybrid equations of state due to the formation of structures (pasta phases) in the mixed phase. We performed a numerical study of the pasta structures for a set of modern relativistic mean-field equations of state of quark and hadron matter. The surface tension between quark and hadron matter was treated as a free parameter and varied its value in the range 0 − 80 MeV. We have demonstrated that for all values of σ the numerical results for the pressure in the mixed phase can be described reasonably well by a simple polynomial interpolation, which was recently introduced to study the robustness of the occurrence of a third family branch of compact stars against the formation of pasta phases. This finding justifies the application of such a construction to compact stars [15] . The parameter ∆ P of the construction has the meaning of an additional pressure contribution relative to that at the chemical potential of the Maxwell construction. It has its origin in the finite size of the structures in the pasta phases. As a result of the fit we obtained the functional dependence of ∆ P (σ). This map exhibits the characteristic features of such a phase transition, which we examined quantitatively. The curve ∆ P (σ) decreases monotonically with increasing σ, and its maximum value ∆ σ=0 P does not exceed 6% for any combination of the hadronic and quark matter models considered here. In [15] the upper limit of ∆ P for existence of a third family of compact stars was found to be of the same order. This means that in the realistic case of a non-zero σ the third branch of compact stars will be robust against the formation of pasta structures.
It is known that when one accounts for the electric field, there exists a critical value of the surface tension σ c , such that for any σ > σ c the formation of structures becomes energetically disfavored and the phase transition degenerates to a Maxwell construction with ∆ P 0. We found the resulting values of σ c for the models under consideration. Interestingly, σ c increases monotonically with the critical pressure P c of the Maxwell construction for a given pair of hadron and quark models. We adapted the analytical consideration of [13] to our models and showed that the analytically evaluated critical surface tension is quantitatively consistent with the numerical results. The existence of the third family requires the phase transition to happen at rather low densities. Therefore, lower values of P c correspond to models with twin star configurations. Consequently, the critical surface tension for such models should be also lower, and a larger range of σ values will not spoil the existence of the third family.
